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SUMMARY 

An important problem in the design of v.h.f. and u.h.f. transmitting 
aerials is the provision of a vertical radiation pattern which gives approxi- 
mately uniform field strength over the prescribed service area. A good solu- 
tion is provided by a beam-tilted cosecant- shaped radiation pattern. Several 
methods are described for synthesizing radiation patterns of this type by 
varying either the amplitudes or the phases (or both) of the radiating currents 
in a linear column of equispaced elements. Some examples are given of the 
application of these techniques to the types of multi-tiered aerials employed 
at v.h.f. and u.h.f. broadcast stations. Consideration is also given to the 
problems of realizing the required current distributions, and important design 
factors such as aerial impedance matching, gain reduction and pattern band- 
width are discussed. Finally the various pattern shaping solutions are briefly 
compared. 



PRINCIPAL SYMBOLS 

2a change of amplitude with unequal power 

division 
A r point-source amplitude distribution 
A(x) continuous amplitude distribution 

b height of pedestal distribution 

c current amplitude in central tier(s) 

d source spacing (wavelengths) 

f frequency 

G aerial gain (dE3) 
Go reference gain of uniformly fed aerial (dB) 

I r point-source current distribution (= A r exp 

(i<M) 
l(x) continuous current distribution (= A{x) 

explj(£(x)!) 

k magnitude of radiation pattern 

m q null-filling index at the qth null-point 

N length of array (wavelengths); number of 

sources 



R, 



P(s),P(6) radiation pattern functions 

q null-point number 

r source number 
amplitude of the gth root of array poly- 
nomial (= \z q \) 
pattern variable (= s\nd) 
distance along array (wavelengths) 
polynomial variable (= R exp(j0)) 
value of x at point of 'stationary-phase' 
2A differential phase-shift 

6 declination angle 
beam-tilt angle 
wavelength 

reflexion coefficient of dipole or panel 
net input reflexion coefficient 
point-source phase distribution 
continuous phase distribution 
$ r phase distribution for panels 

\Jj parameter defined by (/< = nNds 
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1. INTRODUCTION 

An ideal broadcast service provides uniform 
average field strength at all distances up to the 
limit of the service area. Practical aerials cannot 
easily satisfy this requirement in the more distant 
parts of the service area because path attenuation 
increases rapidly as the horizon is approached. It 
ispossible, however, to shape the vertical radiation 
pattern (v.r.p.) of a multi-tiered aerial in order to 
achieve approximately uniform field strength near to 
the transmitter; this is particularly practicable at 



u.h.f. where the average received field strength is 
approximately equal to that of the direct wave 
because local ground irregularity greatly reduces 
the contribution from the ground-reflected wave. 
Uniform direct-wave field strength is then obtained 
by making the amplitude of the v.r.p. of the trans- 
mitting aerial proportional to cosec 6 where 8 is the 
declination angle from the horizontal. In practice, 
the main beam of the v.r.p. is tilted downwards by a 
small angle 6 corresponding to the limit of the 
service area, in order to prevent power being wasted 
above the horizon. 



The simplest form of transmitting aerial con- 
sists of a vertical array of, typically, 8 to 40 similar 
tiers of equi-spaced elements, each carrying equal 
co-phased currents. The v.r.p. of such an arrange- 
ment is given by 



P(6) = 



s\n(nNd s\nd) 
Ns\n(nd sin#) 



(D 



where N is the number of elements spaced d wave- 
lengths apart, the pattern having been normalized 
by setting the amplitude of the main beam P(0) to 
unity. It is important to note that for an inter-tier 
spacing not exceeding one wavelength (1-0A) the 
v.r.p. in the important region 0<sin#<0-5 is approxi- 
mately identical to the pattern from a uniformly 
illuminated aperture Nd wavelengths long, i.e. 



P(6)^ 



sin \Jj 



(2) 



where i/» = nNd sin 6. The magnitude of this pattern 
\P(6)\ is plotted as a function of in Fig. 1(a). 
The envelope of the curve is given by 1/i/> and 
since this is proportional to cosec it follows that 
the envelope represents the v.r.p. which gives 
uniform field strength in the nearer parts of the 
service area. Thus, if the pattern can be re-shaped 
between its sidelobes by filling in the nulls to 
approach the cosecant envelope, the v.r.p. would 
become satisfactory. This process will be referred 
to as 'null-filling' and, as with any pattern shaping, 
it requires a departure of the aerial current distribu- 
tion from the uniform co-phased condition. 

The v.r.p. which is required for a broadcasting 
service is one which is beam-tilted and null-filled 
below the horizontal. Practical current distribu- 
tions provide only an approximation to the cosecant 
v.r.p. and it is therefore desirable to specify upper 
and lower amplitude bounds for the null-filled 
pattern. A convenient expression for the pattern 
bounds is as follows: 



\P(9)\ = 



mP cosec (6 - 6 ) 



nNd 



(3) 
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where P is the amplitude of the main lobe, 6 the 
beam-tilt angle and m defined as the null-filling 
index*; 6 X and 6 2 are the angular limits of the 
pattern specification. The significance of the index 
m is best understood by observing that the sidelobe 
envelope of the uniformly illuminated aperture is 
given by (1/ nNd) cosec 6; this envelope corres- 
ponds to a null-filling index m = 1-0. This is 
illustrated in Fig. 1(6) which shows idealized beam- 
tilted v.r.p. s with null-filling below the horizontal 
corresponding to m = 0-5 (50%) and m = 1-0 (100%); 

* 100"! is often referred to as the 'percentage null- 
filling'. 
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Fig. 1 - Illustrating vertical radiation pattern 
shaping by null-filling 

(a) Vertical radiation pattern of a uniform aperture 

(b) Idealized vertical radiation patterns with beam-tilt 
do for a linear array of N sources spaced d wave- 
lengths apart 

the broken curve is the v.r.p. of the equivalent 
uniformly-fed aperture. The v.r.p. of a practical 
u.h.f. (main-station) aerial should typically satisfy 
the following specification: 

upper bound, m = 1-25 sin'^l/Nd) ^ - (9 < 25° 

lower bound, m = 0-70 sin _l (1/N(i) < 9 - d < 10° 



0-50 



10° <<9-6>o<25 



the lower limit in each case being the declination 
of the first pattern null-point. No null-filling is 
required above the horizontal (6 negative in Fig. 
1(b)) and it is desirable to keep the upper sidelobes 
as small as possible to avoid excessive gain- 
reduction; it is not always practicable, however, to 
control the pattern shape in this region. 

The v.r.p. of an aerial is determined by the 
amplitude and phase distribution of current over the 
tiers together with the inter-tier spacings. The 
pattern can be shaped by varying these parameters, 
either singly or in combination, from the uniform 
condition. The difficulties which arise in such 



pattern synthesis are both fundamental and practical. 
On the theoretical side the major problems are that 
the current distribution must be made to fit the 
the dimensions of the aperture and also that the 
phase variation of the radiation pattern is arbitrary. 
In practice there is only a finite number of tiers 
available so that the main difficulty in realizing the 
required pattern results from the limited number of 
source currents which can be independently con- 
trolled and also from the necessity of feeding the 
aerial tiers through a practical power- splitting 
arrangement. A further important practical require- 
ment is that the current distribution should not vary 
appreciably with frequency and should lead to 
acceptable figures for aerial impedance and gain; a 
subsidiary requirement is that each half of the 
aerial should have a v.r.p. which is satisfactory for 
emergency use. 

In this report we describe and compare a variety 
of methods for null-filling (or cosecant-shaping) the 
v.r.p. s of v.h.f. and u.h.f. aerials. At v.h.f., fewer 
tiers are used and broad main lobes result; conse- 
quently beam-tilt is seldom necessary and null- 
filling is only required if the aerial is situated near 
a built-up area. Although most of the synthesis 
methods described are equally valid for v.h.f. and 
u.h.f. aerials, emphasis is placed on their applica- 
tion to u.h.f. aerials throughout the report. 



2. GENERAL CONSIDERATIONS 

The more important general theoretical and 
practical aspects of pattern synthesis relevant to 
null-filling aerial v.r.p. s are now outlined prior to 
the formal descriptions of the various available 
techniques. 

2.1. Theoretical 

We start by considering a linear array of N 
isotropic sources with an aperture distribution given 
by I r = A r exp (j<£ r ) where A r and & are the ampli- 
tude and phase respectively of the current in the rth 
source. The complex radiation pattern p(sin 6) of 
the array may be written 



N-l 
p(sin d) = > I r exp {-}2nrd sin 0) 

r = 



(4) 



where rd is the distance of the rth source from the 
point of phase reference with d the 'fundamental' 
source-spacing in wavelengths (A). Since l r is the 
complex Fourier line spectrum of the pattern func- 
tion p(sin 6), the formal solution to pattern shaping 
problems is given by the inverse integral transform 
of Equation (4). The complex pattern repeats every 
1/<i in sin 6 and for fixed source spacings its con- 
trol is confined to this range through the 2N - 1 
degrees of freedom within I r The accuracy with 



which a pattern may be synthesized can be increased 
for a given aperture by increasing N and reducing d. 
If d is less than 0-5, however, part of the pattern 
over which control is unavoidably exercised fall$ 
within the imaginary region |sin 6\ > 1. This means 
that the limiting accuracy of a synthesized pattern 
is set by the amount of reactive energy which can 
be tolerated within the aperture 1 ; moreover, in 
practice, mutual coupling between sources pre- 
cludes accurate realization of a very closely spaced 
array. 

Direct inversion of Equation (4) is impossible 
in all but a few special cases because we are con- 
cerned only with the power pattern |p(sin 0)\ 2 and 
also because the size of the aperture (Nd\) is 
limited. A powerful method for circumventing these 
difficulties is to synthesize the required pattern or 
pattern component by the superposition of a set of 
orthogonal, 'aperture-limited', and co-phased pattern 
functions. Many of the null-filling techniques to be 
described use the best- known example of these 
functions for synthesis; this is the Woodward 'sine* 
function 2 which is simply the radiation pattern of a 
uniformly-fed aperture* (c.f. Equation (2)). Two 
other general synthesis techniques to be employed 
deal directly with the power pattern. The first is 
based on an asymptotic evaluation of the integral 
expression for the pattern of a large continuous 
array 3,4,5 and the second is based on the poly- 
nomial representation of a discrete array 6 ; both 
these methods may be used for finite apertures. 
Another approach is to use variational methods 7,8 
but the disadvantage is that rather arbitrary deci- 
sions must be taken at the outset; these methods 
have not been pursued here in view of the simpler 
explicit solutions which have been developed. Most 
of the solutions to be adopted are essentially of 
the null-filling type, the remainder being based on 
actual cosecant-pattern shaping. 

It is usually more convenient, if not necessary, 
to synthesize from a continuous aperture and then to 
sample the resulting current distribution at the 
positions of the sources in the practical aerial 
under consideration. * Beam-tilt is inserted into the 
pattern by superposing an appropriate linear phase 
progression on to the aerial current distribution. 

2.2. Practical 

Practical v.h.f. and u.h.f. transmitting aerials 
are sectional ized and fed from one (or more) trans- 
mitters through power-splitting devices, the indi- 
vidual tiers being energized via local groups of 
branch feeders. The variables available for pattern 
shaping and null-filling are the spacings of the 
sources and the amplitudes and phases of their 
currents. Phase variation can be achieved by 
adjusting the lengths of the branch feeders whereas 



The sine function is defined by sine X 



amplitude variation requires the complication of 
current transformers. It follows that the preferred 
arrangements of sources in order of practical com- 
plexity is: 

(a) Equally spaced sources or tiers carrying cur- 
rents of equal amplitude but arbitrary phase 
(constant-amplitude solution) 

(b) Unequally spaced sources carrying equal co- 
phased currents (constant-current solution) 

(c) Unequally spaced sources with currents of 
equal amplitude but arbitrary phase 

(d) Equally spaced sources with currents of 
arbitrary amplitude but equal phase (constant- 
phase solution) 

(e) Unequally spaced sources with currents of 
arbitrary amplitude but equal phase 

(f) Equally spaced sources with currents of arbit- 
rary amplitude and phase (complex-current 
solution) 

(g) Unequally spaced sources carrying arbitrary 
currents 

It turns out that unequally spaced sources are 
unattractive because they generally lead to inef- 
ficient utility of the aerial aperture and some of the 
source-spacings required are too small to be prac- 
ticable. Consequently solutions of the types (b), 
(c), (e) and (g), will not be considered here; the 
preferred solutions now become, in order of pre- 
ference, 

(i) constant amplitude, A r 

(ii) constant phase, r 

(iii) complex current (variable amplitude and phase) 

A simple aerial-feeding arrangement, however, 
will not be the sole criterion in selecting a particu- 
lar null-filling or pattern-shaping technique since 
other important factors may predominate. For 
example, a co-phased distribution provides a sym- 
metrical radiation pattern so that the v.r.p. would 
be equally null-filled above and below the horizon- 
tal, resulting in unnecessary loss of aerial gain. 
Moreover, where beam-tilt is required, the current 
distribution must have some phase variation. In 
addition, if non-uniform null-filling is required, the 
techniques involving cosecant-pattern shaping are 
generally inapplicable since they cannot easily be 
made to control the null-filling independently over 
selected angular ranges. 

Finally, it is worth noting at this stage that as 
we are only interested in the power pattern, array 



theory can lead us to many (2 N "' - 1) other current 
distributions which are derivable, In theory at least, 
from the original distribution 9 ; one or more of these 
distributions may offer significant practical advan- 
tages compared with the parent distribution. 



3. TECHNIQUES FOR 
FILLED PATTERNS 



SYNTHESIZING NULL- 



The more important basic procedures for syn- 
thesizing null-filled v.r.p. s are described below. 
For convenience, these techniques are grouped 
according to the types of current distribution they 
provide, namely, constant phase, constant ampli- 
tude, and variable amplitude and phase. Beam-tilt 
is omitted at this stage and we consider only arrays 
of equally spaced isotropic sources. In design 
examples, the source-spacing is taken as 1-OX (i.e. 
d = 1) but there is no loss of generality here since 
the general case is obtained by suitably re-scaling 
the sin axis. In the analysis which follows it will 
be convenient to write s = sin 6 for the angular 
variable. 

3.1. Constant-Phase Solutions 

Co-phased current distributions produce sym- 
metrical radiation patterns, i.e. |p(s)| = |p(-s)|. It 
follows that constant-phase synthesis methods give 
v.r.p.s which are null-filled to equal levels above 
and below the horizontal. 

3.1.1. Unequal Power Division 

This method of null-filling is often used at 
v.h.f. In its simplest form, the aerial is split into 
two equal sections but one half carries a greater 
power. 

The mechanism of null-filling is best under- 
stood by splitting the current distribution of the 
equivalent aperture into its even and odd compo- 
nents; the v.r.p. of the even component is null- 
filled by the v.r.p. of the odd component, the pat- 
terns being in phase quadrature with one another. 
Suppose we consider an N\ co-phased aperture, see 
Fig. 2(c), whose amplitude distribution A(x) is 
given by A(x) = 1 + a for 0<x<N/2 and A(x) = 1 - a 
for -,V/2<x<0; the power ratio between upper and 
lower sections is (1 + a) z /(1 - af. The even com- 
ponent is identical to the distribution of a uniform 
aperture so that the corresponding 'primary' pattern 
p (s) is given by Equation (2) (which is not nor- 
malized) which is re-written thus, 



p (s) = N sine (Ns) 



(5) 



The nulls in this pattern (Fig. 2(a)) occur at dec- 
linations given by Ns = ±1,2,3 Fourier 

transformation of the odd component gives a 'secon- 
dary' pattern p n (s) which can be written, 



p n (s) = -jaN sin(7rNs/2) sinc(Ns/2) 



(6) 



The quadrature pattern of Equation (6) is illustrated 
in Fig. 2(b); it possesses nulls at Ns = ±2,4,6,. . ., 
and an approximate cosecant envelope, 2a/ ns. The 
pattern p n will therefore null-fill the primary pattern 

Po at the odd null-points s = ±1/N, 3/N to 

a uniform level m = 2a. The net v.r.p., given by the 
complex sum of p and p n , is shown in Fig. 2(c) for 
the case a = 0-25, m = 0-50, i.e. 50% null-filling; 
this corresponds to a power ratio of 25 : 9. A power 
ratio of 2 : 1 will provide 34% null-filling at the odd 
null-points. 

Null-filling inevitably reduces the gain of the 
aerial. The power in the null-filling pattern p n is 
proportional to Na 2 and since p and p n are in 
phase quadrature, the total power in p + p n is 
proportional to N(1 + a 2 ). It follows that the gain 
reduction G/G = (1 + a 2 )" 1 which for small a 2 
becomes -4-34a 2 dB, i.e. G/G — -m 2 dB; for 
example, with m = 50%, G/G = -0-26 dB. 

An interesting extension of this method is 
provided by restricting the odd component of the 
current distribution to the central two-thirds of the 
aperture so that we have 

2aN 
P n ( s ) = -J s\n(nNs/3) sinc(7riVs/3) 

by replacing N with 2N/3 in Equation (6). This 
quadrature pattern equally fills the nulls at adjacent 
points 9 = 1,2; 4, 5; 7, 8; . . . with m q = 3a/2. In 
particular, the first two nulls have been filled and 
setting m 1 = m 2 = 50% requires a = 1/3 with a gain 
reduction G/G = -0-32 dB. 

The advantage of using a co-phased null-filling 
pattern (derived from an odd amplitude distribution) 
in quadrature with the primary pattern is that the 
increase in pattern sidelobe levels above those of 
the unperturbed primary pattern is kept to a minimum. 
The fact that the null-filling is incomplete normally 
restricts the application of this method to v.h.f., 
where null-filling the first one or two pattern zeros 
is sufficient. 



3.1.2. 'Twin-beam' Method 

The principle of this pattern shaping method 
is that a smooth null-filled pattern can be obtained 
by the complex addition of two sine patterns, one 
real and the other imaginary, that are also displaced 
relative to each other along the axis by nl2\ the 
pattern is proportional to (1/0)expj</* for large <,'/ and 
has a cosecant envelope 1/t//. The resulting distri- 
bution turns out to be co-phased over the aperture, 
with an amplitude variation corresponding to a 
quarter-sine-wave. 
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Fig. 2 - Null-filling by unequal power division 

(a) Even distribution and primary pattern Pq 

(b) Odd distribution and quadrature pattern p n 

(c) Net distribution and v.r.p. |po + P n | 
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Fig. 3 - The principles of the twin-beam method 

(a) Pattern components and net v.r.p. 

(b) Amplitude and phase distributions 



The process is illustrated in Fig. 3 for an NA 
aperture. The first half-pattern (or 'beam') is a 
sine function phase-retarded by 77/4 and beam-tilted 
along the s axis by 1/4/V (downwards); the second 
half-pattern is also a sine function phase-advanced 
by nl A and beam-tilted along the s axis by -1/4/V 
(upwards), i.e. 

,V 
a As) =- exp(-J77/4) sinc(;\'s - 1/4) 
-v 2 

\ 
pAs) =— exp(jn-/4) sinc(,\'s + 1/4) 
2 
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Fig, 1 - Computed v.r.p.s for a 16\ array of isotropic sources: null-filling by the twin-beam method at 

intended levels m = 1-0, 0-5 
(1) ft_0 (2) b = 0-5 



The net radiation pattern is given by the complex 
sum of p t and p 2 ; provided that ,\'s»1/4 the de- 
nominators in both sine functions can be approxi- 
mated by ffiVs so that we have, 



Pn(s) ;i Pi( s ) ■+ P?( s ) 

exp(-J77,V.s) 

- J 

2 ns 



(7) 



which is the required 100% null-filled pattern. The 
corresponding component distributions are uniform 
in amplitude and similarly phased by jn/4 together 
with phase progressions of ±n72.Yrad/wavelength 
respectively to allow for the beam-tilts. The net 
current distribution l(x) is given by the sum of the 
two components which gives <£(x) = and, 



Alx) = cos-(x/N - 1/2) 
2 



[-N/ 2<x<;\'/2] 



(8) 



which is a 'quarter-sine' amplitude distribution. 
Inverting the distribution of Equation (8) simply 
reverses the phase of the complex radiation pattern 
(Equation (7)). 

It is possible to reduce the degree of null- 
filling to any desired level by adding a uniform 
'pedestal' amplitude distribution to the quarter-sine 
distribution. The patterns from both distributions 
have cosecant envelopes and their sidelobes are co- 
phased at the peaks (c.f. Equations (5) and (7)). It 
follows that, if the height of the pedestal distribu- 



tion is b so that I(x) 
filling becomes 



A(x) + b, the resultant null- 



1/(1 + 26) 



O) 



and is uniform throughout. It can be shown that the 
gain reduction due to null-filling is given by the 
expression G/G - \(2/n) + bf/Yh + (46/ n) + b 2 \. 
Fig. 4 shows null-filled v.r.p.s* for a 16 source 
array; the current distributions have been derived 
from the equivalent aperture with IV = 16, b = and 
b = 1/2, by sampling l(x) at 1-OA intervals (x = 0-5, 
1-5, ... 15-5). The computed v.r.p.s show good 
approximations to smooth null-fillings of m = 1-0 
and m = 0-50 as predicted by Equation (9); the 
respective gain losses are 0-91 dB (curve 1) and 
0-31 dB (curve 2) 

Although the method is seen to provide smooth 
null-filling, the main disadvantage is that, for a 
reasonable degree of fill, excessive amplitude 
variation leads to a few tiers of the aerial carrying 
a disproportionate amount of power. For example, 
in the above case for N = 16 and m = 75% (b = 1/6) 
the uppermost tier carries 84% more power than it 
would do if the aerial were uniformly fed; moreover, 
the upper two tiers together carry almost a quarter 
of the total power. Another drawback with the 
method is the uncontrollable null-filling above the 
horizontal which results in twice as much gain 
reduction as is necessary. 



* Computed v.r.p.s are normalized to unity, i.e. the 
amplitude of the main beam p(s) = 1 . 



3.2. Constant- Amplitude Solutions 

Constant-amplitude current distributions lead 
to uniform power division over the aerial aperture 
and the required phase variations are realized 
easily by adjusting the lengths of the branch- 
feeders to the individual aerial tiers. 



3.2.1. Phase Perturbation 

The principles of this null-filling method 
have been described elsewhere 10 and a detailed 
account given in a previous BBC Research Depart- 
ment Report 11 . Here it will be sufficient to outline 
the main techniques. 

Commencing with an unperturbed uniform aper- 
ture having a real sine pattern p , null-filling is 
obtained by adding to it a suitably shaped imaginary 
secondary pattern p„; i.e. the null-filled pattern is 
given by p + jp„- The imaginary or quadrature 
pattern p n is made even, so that the corresponding 
even current distribution l n is also co-phased, but 
in quadrature with the uniform primary distribution. 
In order to make the resultant distribution J(x) of 
constant unit amplitude, the primary distribution is 
adjusted from unity to (1 - \l n f) Vl over the aperture. 
The quadrature pattern p„ is built up from elemen- 
tary sine patterns whose main beams are positioned 
at the primary null-points so that the null-filling 
levels and polarity can be varied over the pattern. 

The synthesis process for the so-called 'oscil- 
latory' solution is shown in Fig. 5. Elementary 
quadrature sine patterns satisfy the cosecant 
requirements with amplitudes m q N/Trq and oscillate 
in polarity at successive null-points, q = ±1, ±2, 
±3 . . . ; the nulls above the horizontal (q negative) 




lb) 

Fig. 5 - Null-filling by phase perturbation: 
oscillatory solution 

(a) Elementary pair of null-filling patterns 
({>) Corresponding quadrature distribution 



are filled because the null-filling distribution is co- 
phased. The beam-tilt associated with the qth pair 
of sine patterns is iq/N\ it follows that the corres- 
ponding elementary quadrature current distributions 
have constant amplitude m q l vq and equal and 
opposite phase progressions exp(±j277qx/N). Each 
pair of sine patterns therefore corresponds to a 
current distribution \(2m q / ' 7rq)cos(27rqx/ N) and the 
net distribution for all pairs in combination is given 
by 

N/2 



I n (x) = ±jV^ 




(10) 



Equation (10) is an expression for the continuous 
quadrature current distribution which is to be simu- 
lated by a point-source array. For the rth pair of 
sources, located at x = ±(2r - 1)/2, Equation (10) 
gives an explicit formula for their phase perturba- 
tion <f> r ~sin r 

= IU*)|. 



b r ~ s i n <p r 

N/2 

+ 






lY 



„. .,(2r- 1);??/ 
Ucosj— . [ (11) 

m J I N | 



The complete constant amplitude current distribu- 
tion for the array is cos <f> r ± j sin <£ r where cos <yS r 
is the modified primary distribution and the entire 
quadrature distribution can be leading or lagging. 

An important feature of the oscillatory solution 
is that the null-filling pattern p„ is made to cross 
the s axis near to the points at which the primary 
pattern reaches its side lobe maxima; this means 
that the sidelobes of the null-filled v.r.p. will have 
amplitudes which are little different from those of 
the primary pattern. Although there is no null- 
filling at s = if/2, (30°), because <£ r is even, it can 
be introduced if required by adding a small oscil- 
latory and odd phase perturbation on to <j> r 



11 



In the alternative 'non-oscillatory' solution, 
elementary sine patterns are again made to follow 
the specified cosecant envelope but are of identical 
polarity. The phase perturbations are given by the 
summation of Equation (11) by making the coef- 
ficients of the cosine terms all positive (or nega- 
tive). The result is the exact inversion of that 
given by the previous solution, i.e. <j> r = <}>\$f2+\-T 
and vice versa. With this solution, however, the 
sidelobe levels in the net v.r.p. are greatly dis- 
torted from the cosecant envelope and this has to 
be corrected. Correction is effected by adding an 
odd differential phase shift 2Arad on to <£ r (i.e. +A 
for the upper half, r>0 and -A for the lower half 
r<0). A semi-empirical relation for A which works 
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Fig. 6 - Computed v.r.p.s for a 20\ array of isotropic sources: null-filling by phase perturbation with m = 0-5 



(D- 



oscillatory solution 



(2)- 



non-oscillatory solution (A = 20 ) 



reasonably well in practice is 

A~Vi<f>? sin (5jt/N) 



(12) 



where <fa is the relative phase of the innermost pair 
of sources i.e. <£n/2 =0. A secondary effect of 
differential phase correction is that it produces an 
incidental beam-tilt of approximately 2A/nN which 
must be allowed for when choosing the phase pro- 
gression for final beam-tilt. 

The gain reduction G/G of a phase-perturbed 
array is approximately -4-34ct5 dB where a , is the 
standard deviation of <£ r ; this result is in very good 
agreement with the figures obtained from pattern 
integration. Since for uniform null-filling (m q con- 
stant), r is proportional to m (Equation (11)), G/G 
is proportional to m 2 . For example, with a 20A 
array, m = 0-50 gives G/G = -0-4 dB and m = 0-25 
gives G/G = -0-1 dB. 

Computed v.r.p.s for a 20A array with null- 
filling obtained from the two solutions are shown in 
Fig. 6; the intended null-filling was 50%. The 
beam-tilt with the non-oscillatory solution (curve 2) 
has not been re-adjusted to zero. Computed gain 
losses are 0-35 dB (curve 1) and 0-49 dB (curve 2). 
The behaviour of the patterns is typical and both 
solutions are satisfactory in respect of null-filling. 

It must be noted that null-filling obtainable 
from the phase-perturbation method is limited to 
about 60% (m ~ 0-6) since above this figure the 
approximations involved break down. Although the 
method offers the advantage that null-filling can be 
individually adjusted at each null-point, it is not 
possible to control the pattern shape above the 
horizontal. 



3.2.2. Stationary-Phase Method 

A detailed account of this pattern-shaping 
technique and its application to null-filling has 
been given in a previous BBC Research Department 
Report 12 . The method is based on a 'stationary- 
phase' solution of the radiation-pattern integral and 
involves the type of approximation used in geo- 
metrical-optics; it is therefore restricted to aerials 
whose apertures are large compared with the wave- 
length. The necessary results are derived here 
using heuristic arguments. 

We consider a linear source of constant ampli- 
tude with current distribution exp{j<£(x)S along its 
length NA with x referred to the base of the source 
(Fig. 7(a) and (6)). The complex pattern is given 
by the following pattern integral, 
N 
exp ji^(x) - 2n-xs! dx 



P(s) 



!• 



where k is the pattern magnitude; the significance 
of k will appear later. Suppose now that x = a is a 
point of stationary phase for a particular declination 
s, i.e. at x =a we have, 



0'(x) = 2ns 



(13) 



where <t>'{x) denotes the first derivative of 0(x) with 
respect to x at x = a. For large N, the integrand of 
the pattern integral will be highly oscillatory 
except near x = .«, where the phase is stationary*, 
so that the major contribution to the integral comes 
from an incremental aperture length §x in the 

* The point x =oc is assumed to be single-valued. 



immediate vicinity of the stationary point; the 
declination corresponding to this point is given by 
Equation (13). It is now assumed that each incre- 
ment of aperture & is a radiating source which 
directs practically all its energy over a narrow 
angular range 8s which is centred on the stationary- 
phase declination. This assumption is consistent 
with the fact that the total real powers in the aper- 
ture and the radiation pattern must be identical. 
Since A(x)= 1 throughout, equating the incremental 
powers at x = a we obtain, 

tf\p(s)\ 2 8s~8x 



constants of integration. Finally, the solution of 
the differential equation gives 



with 



<f>(x) ~ -2rrk 2 log(1 - s x x/k 2 ) 



k 2 = /V/(s" 1 1 -s'i) 



(15) 



(16) 



where the phase-reference point for the source is 
taken at the base of the aperture, i.e. 0(0) =0. The 
phase-slope of the distribution 0'(x) at the point 
which radiates in direction s is 277s rad/ wavelength 
so that the largest slope occurs at the top of the 



3ut from Equation (13) we also have the relation, aperture (x = N, s = s 2 ). If the inverted phase 



<P"(x)8x~i2n8s 

where (f>"(x) is the second derivation of <£(x) with 
respect to x at x = a. Combining these two relations 
gives the result, 



J 2 |p(s)|V"|3t)a2rr 



(14) 



Equations (13) and (14) are the basis of pattern 
synthesis by the stationary-phase method for con- 
stant amplitude distributions. Together they form a 
non-linear second order differential equation which 
must be solved in order to determine the phase 
distribution <£(x) required to give a particular power 
pattern jp(s) | 2 . 

For a cosecant pattern we put |p(s)| = 1/s in 
Equation (14). Energy considerations limit the 
synthesis to a finite angular range, i.e. s^s^s 2 
(Fig. 7(c)), and the pattern magnitude k is directly 
determined by the limits Sj and s 2 together with the 




Fig. 7 - Thi> stationary-phase method: ,\'A aperture 
with current distribution exp|jc£(x)| 

(a) Constant amplitude distribution 
(h) Phase distribution (b(x) 
(r) Radiation pattern \p(s)\ 



distribution — 0(/V - x) is employed instead, the 
largest slope is at the base of the aperture (x = 0, 
s = s 2 ). 

Computed v.r.p.s for a 16A array with phase 
distributions given by Equations (15) and (16) for a 
small range of k are shown in Fig. 8; the gain 
reductions are respectively 0-54 dB (curve 1), 
1-00 dB (curve 2) and 1-85 dB (curve 3). Since the 
main beam of the pattern is partially included in the 
approximation to the cosecant shape, null-filling is 
not uniform (m q varies with q) and, equally impor- 
tant, some incidental beam-tilt is introduced. The 
overall degree of null-filling can be adjusted by 
varying s ± which also changes the beam-tilt, as 
shown in Fig. 8. The pattern shape is relatively 
insensitive to changes in s 2 . Since m q is nearly 
proportional to k over a large range of q, in those 
cases where s 2 »Si we have m q proportional to s( 7 . 
Null-filling adjustment would normally be carried 
out at the most important null-point, i.e. at the 
first null (q = 1). 

The method is easily extended to cases where 
there exists non-uniform power division over the 
aperture by matching the phases, phase gradients 
and patterns at the crossover points (Section 3.3.4.). 

There is no limitation in null-filling level with 
the stationary-phase method although the pattern 
minima obtained can be quite non-uniform; in addi- 
tion, sidelobe levels become rather high for large 
degrees of filling. The main advantage of the 
method is that there is no intentional null-filling 
above the horizontal; a disadvantage is the result- 
ing oscillatory pattern and the rather high gain 
reduction. 

3.3. Variable Amplitude-and-Phase Solutions 

Admitting variable amplitudes and phases in 
the current distribution of an array allows the full 
number of degrees of freedom (2N - 1) to be utilized 
in pattern shaping so that the synthesis accuracy 
and flexibility are greatly increased. Some of the 
techniques to be discussed are 'hybrid' solutions of 
previously described methods. 
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Computed v.r.p.s for a 16X array of isotropic sources: null-filling by the stationary-phase method 
with s 2 = 0-5 and k = k(s ± ) as parameter 



(!)■ 



■k =0-508 
s« =0-0156 



= 0-617 
= 0-0227 



(3)- 



-k =0-730 
s,= 0-0312 



3.3.1. Central-Tiers Method 

In this method a tier or group of tiers located 
at the centre of an otherwise uniform aerial is fed 
with additional current of chosen amplitude and 
phase in order to provide null-filling' 3 . The null- 
filling is generally crude and limited to a small 
range of declinations. 

In the simplest method, a single source at the 
centre of the aerial is fed with quadrature current. 
This gives null-filling with m q increasing with q, 
although the rise in m q can be reduced to some 
extent by making the source vertically directional. 

As an example of this technique, suppose that 
additional current is limited to a central section, 
width MA of an NA aperture and is in phase quadra- 
ture with the primary current. The primary pattern 
p is N sinc(Ns) and if the secondary current over 
the central MA is constant and of amplitude c the 
null-filling pattern p n is cM sinc(Ms). It follows 
that the degree of null-filling obtained is given by 



c sin(m/M/N) 



(17) 



Equation (17) shows that the null-filling is oscil- 
latory over the pattern and will disappear at periodic 
nulls if N/M is integral. For example, if c = 1/^/3" 



and N/M = 3, 
for q = 



m 



m n 



q - 0-50 
3, 6, 9, . 



for q = 1, 2, 4, 5, . . .and 
. . (c.f. Section 3.1. 1.); the 



gain reduction is approximately 0-25 dB. Alterna- 



tively, if the pattern p n is beam-tilted by 1/N by 
progressively phasing the secondary current across 
the central section, we can select m t by making 
c = m x N/nU; now if N/M = 3 and m^ is set to 0-50 
we obtain m 2 ~0-85, m 3 ^0-63 and m A = and so on. 
Phasing the currents in the central tiers has in- 
creased the number of filled nulls. Obviously more 
complicated solutions are possible especially if 
amplitude variation is also introduced to shape the 
null-filling pattern due to the central tier(s). 

The method, though simple, provides limited 
null-filling which is not easily controllable; it 
would be useful if null-filling were required over 
only a small range of declinations e.g. at v.h.f. 

3.3.2. Woodward's Cosecant Solution 

In this pattern-shaping technique, a real 
(co-phased) cosecant pattern is synthesized from an 
NA aperture by directly superimposing elementary 
co-phased sine patterns; the main beams of these 
pattern components are positioned every 1/N on the 
s axis and their magnitudes are determined by the 
corresponding cosecant amplitudes which are 
required at each declination. An example, taken 
from Woodward's classic paper 14 , is shown in 
Fig. 9 for the case of a 10A aperture. The vertical 
lines on the pattern (Fig- 9(a)) represent the magni- 
tudes of the elementary beams referred to the beam 
at s - 1/N (one such beam has been drawn in). A 
maximum of 2/V + 1 (i.e. 21) magnitudes may be 



11 



specified and,, in the example shown, eleven have 
been made non-zero. The choice of p(0) is arbitrary 
since the pattern is indeterminate at s = 0. Wood- 
ward has shown, however, that the sidelobe level 
above the horizontal is a minimum for p(0) ~ 0-6. 
The best approximation to a cosecant pattern below 
the horizontal occurs when p(0) is approximately 
equal to 0-8 but the amplitude distribution then 
varies considerably over the aperture. 

The aperture distribution is even in amplitude 
and odd in phase because the synthesized pattern 
is co-phased. The complex current distribution I(x) 
is obtained from the summation 



i i 



£ 



/(%) = 7 p(q/N) exp [)2nqx/N) 



(18) 



where p(q/N) are the specified pattern amplitudes 
and the exponential terms are the linear progressive 
phase shifts required for beam-tilting the correspon- 
ding elementary sine patterns. For a cosecant pat- 
tern, p(q/N) are set to p(0), 1-0, 0-50, 0-333, . . . 
etc. with p(0) arbitrary; the value of p(0) will deter- 
mine the effective degree of null-filling and also the 
inherent beam-tilt in the resultant pattern. 

Fig. 10 shows computed v.r.p.s for a 16A array 
of isotropic sources with cosecant weighted beams 
placed at s = 0, 1/16, 1/8, ... 1/2 following 
Woodward's original scheme; in curve (1), p(0) =0-50 
and in curve (2), p(0) = 0. Both patterns are good 
approximations to the desired cosecant shape 
(broken curve) with the main lobes partially contri- 
buting to the approximations; they differ only in 
their p(0) beams i.e. the difference between curves 
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Fig. 9 - Synthesis of a cosecant radiation pattern by 
Woodward's method, N = 10 (taken from Reference 14) 

(a) Radiation pattern (t>) Amplitude distribution 

(c) Phase distribution 

(1) and (2) is approximately 1 /2sinc(10s). The equi- 
valent null-filling, however, is excessive. Sidelobe 
widths have almost doubled in the process and the 
gain reduction is large (2-45 dB (curve 1) and 
1-59 dB (curve 2) respectively); moreover, the 
amplitude variation in the current distribution is 
very high. 
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Fig. 10 - Computed v.r.p.s for a 16X array of isotropic sources: null-filling by the 'Woodward-cosecant' method 

(1) p(0) = 0-50 (2) P(0) = cosecant envelope 
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It would appear that, although the method works 
very well for cosecant pattern synthesis, its direct 
application to null-filling is limited by the difficulty 
of finding a satisfactory set of amplitudes for the 
synthesizing beams in order to control the pattern 
minima to an acceptable level. In addition, the large 
current variation and high gain reduction and beam- 
width would normally be unacceptable. The method, 
however, has been used for single-channel u.h.f. 
aerials 15 . 



3.3.3. Current 
rature') 



Perturbation ('Woodward-Quad- 



This null-filling method employs a synthesis 
technique which is similar to that employed in the 
oscillatory phase perturbation solution (Section 
3.2.1.); the essential difference is that, in the 
present method, the current distribution is not re- 
adjusted to be constant amplitude after null-filling 
synthesis so that the quadrature null-filling pattern 
can be restricted to positive declinations; the latter 
pattern is synthesized by the Woodward method. 
The oscillatory solution is normally used in order to 
minimize sidelobe perturbation in the resultant 
pattern and this leads to smooth null-filled patterns. 

The starting point for synthesis is again the 
pattern of a uniform co-phased aperture N sinc(Ns); 
this is the primary pattern p (Fig. 5(a)). The nulls 
in this pattern which appear at s = q/N are filled by 
elementary sine patterns placed everywhere in 
phase quadrature with p . The amplitudes of the 
secondary beams m q N/nq are determined by the 
required degree of null-filling m q at each null-point 
and they are made to oscillate in polarity over 
successive nulls. The beam-tilt associated with 
the qth sine pattern is q/N so that the correspond- 
ing elementary current distribution is 

±'i(--\) q (m q /nq)exp(\27?qx / \) 

over the aperture. The summation of all such dis- 
tributions leads to the net secondary current distri- 
bution* I n (x) and superposing this on to the primary 
distribution gives the following expression for the 
resultant current distribution, 



l(x) = 1 ± j 



^{"Htf 



(19) 



Equation (19) gives the continuous complex current 
distribution which is to be sampled at points 

x = -N + 0-5, ~N + 1 -5 -0-5, 0-5, . . . N - 0-5, 

in order to give the source currents for an NX. array 
to synthesize a null-filled v.r.p. with specified 
levels m q . There is no even or odd symmetry in the 
resultant amplitude and phase distributions in I(x); 
the v.r.p. will exhibit a small inherent beam-tilt. 

* l n (x) is even in amplitude and odd in phase because 
the elementary null-filling sine patterns are mutually 
co-phased. 



Examples of non-uniform null-filling are given 
in Fig. 11 which shows computed v.r.p. s for a 16A. 
array of isotropic sources. In the first example 
(curve 1) the intended null-filling was m q =0-70 for 
q = 1, 2, 3, 4 and m q = 0-50 for q = 5, 6, 7, 8; in the 
second example (curve 2) the intended null-filling 
was m q = 0-50 and m q = over the same ranges 
respectively. Synthesis is seen to be reasonably 
accurate and the gain reductions (0-35 dB (curve 1) 
and 0-15 dB (curve 2) respectively) are not exces- 
sive; moreover, even with a large degree of null- 
filling, variations in the amplitude distribution of 
source currents are not unduly high. 

The method is easy to apply and offers the 
advantage of providing accurate null-filling where 
required; in particular the pattern is not null-filled 
above the horizontal although the primary component 
remains at full amplitude. 

3.3.4. General Stationary-Phase Methods 

The stationary-phase method of pattern 
shaping (Section 3.2.2) is not restricted to apertures 
of constant amplitude since the radiation-pattern 
integral can also be approximately solved in cases 
where varying amplitude functions A(x) weight the 
exponential phase term. The synthesis equation is 
Equation (14) with the right hand side replaced by 
2nA 2 (x). By choosing a phase distribution which 
satisfies the conditions of stationary phase, ampli- 
tude distributions can be found 4 which provide 
reasonable approximations to cosecant patterns. 
However, for practical reasons we are normally 
interested in deriving phase distributions which 
give cosecant-shaped patterns from those amplitude 
distributions which can be easily realized prac- 
tically. 

We have already shown that the co-phased 
quarter-sine-wave distribution gives good approxi- 
mations to smooth 100% null-filled patterns (Section 
3.1.2). In practice, however, the large amplitude 
variation (and hence also the null-filling) can be 
reduced by adding a pedestal distribution. Starting 
from such a distribution the stationary-phase method 
can be used to derive a phase distribution which 
re-adjusts the null-filling and incidentally improves 
the pattern by removing the symmetry and reducing 
radiation above the horizontal. For practical 
reasons the actual distribution is normally approxi- 
mated by a stepped amplitude profile. 

The basis of the stepped-amplitude stationary- 
phase solution is best demonstrated by synthesizing 
a cosecant pattern from a simple one-step amplitude 
distribution. Fig. 12(a) shows an N\ aperture with 
non-uniform power division over its length. The 
aperture is divided into two unequal sections of 
constant amplitude with A(x) = A x for 0<x<M and 
A(x) = A 2 for M<x<N. The lower section is used to 
synthesize the pattern over the range s^sks^ and 
the upper section over the range Si 2 <s^s 2 where 
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Fig. 11 - Computed v.r.p.s for a 16X array of isotropic sources: null-filling by current perturbation 

< 'Woo dward-q uadrature ' ) 

(1) m q =0-70(9 = 1,2,3,4); m q =0-50(q = 5,6,7,8) (2) m q =0-50(9 = 1,2,3,4) 

null-filling references, m = 70%/50% 
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the declination s 12 at which the patterns due to the 
two sections meet is given by, 



lb) 




Fig. 12 - Stationary-phase method extended to 
stepped amplitude distributions 

(a) Amplitude distribution 
(b) Phase distributions (jy^, 2 ( c ) Radiation pattern 



s 12 has to be determined (Fig. 12(c)). The analysis 
is greatly simplified if the total radiated power is 
set equal to that radiated by the same aperture 
uniformly fed with A(x) = 1; we then have 

MAl + (N -M)Af = N. 

The magnitude of the power pattern k 2 is then given 
by Equation (16) as before and it can be shown that 



s 12 = A'SiS o/JMAiSj + (N - M)A$s 2 | 



(20) 



provided that the phase distribution <£(%) is made 
continuous* at x = M. Phase distributions <£i(x) 
and (f) 2 ( x ) over the lower and upper sections of the 
aperture can now be written directly, from Equation 
(15) as, 

2nk' 2 „ _ 

<Mx)~ log(1 - AiSix/k) 

A'i 

[0<x<M] (21) 

and 

2 ^ 2 , 2 2, 

2 (x)~ v S 1 (M) 2- logh - A 2 s 12 (x - M)/k 2 \ 

A 2 

[M<x<N] (22) 

For the uniformly fed aperture with A* = A 2 = 1 
Equations (21) and (22) degenerate into Equation 
(15) by substituting Equations (16) and (20). This 
extension of the stationary-phase method has been 
used in cases where there are more than one step 
in the amplitude distribution. For a large number of 
steps, however, it is more convenient to obtain 4>(x) 
directly from the synthesis equation (Equation (14)) 
by inserting A(x) = cos(^x/2N) + b (quarter-sine- 
wave plus pedestal). 

* The phase-slope (f>'(x) (= 2ns) is also continuous 
because the pattern is continuous over Sj^. 
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Fig. 13 - Nulllilling by polynomial-zero perturbation 

(a) z-plane diagram for equispaced array (fc) z-plane diagram for uniform co-phased 12A array 

(c) radial perturbation of 4 polynomial zeros 



The method suffers the same drawbacks as the 
constant-amplitude technique previously described 
but to a lesser extent, i.e. null-filling tends to be 
non-uniform and the pattern sidelobes become rather 
high. Nevertheless, quite acceptable results are 
produced; practical examples of this synthesis 
technique will be given in Section 4.2.2. 

3.3.5. Polynomial-Root Perturbation 

This null-filling method is based on the 
polynomial theory of linear arrays 6 ; it gives an 
accurate design in which the source-currents are 
directly determined by the levels of the pattern 
minima so that inaccuracies due to sampling a con- 
tinuous distribution do not arise. Moreover, the 
pattern can be determined by simple calculation 
and, since the polynomial roots are known, the many 
other current distributions which provide the same 
power pattern are immediately available. 

The complex radiation pattern of a linear array 
has been given previously by Equation (4). If the 
transformation z = exp(-j277sd) is made in this 
equation, as in Reference 6, the pattern can be 
written as a polynomial in z i.e. 



P(s) 



N - 1 
r = 



'N-1 



N - 1 

17" 

a = 1 



z q ) (23) 



The right hand side of Equation (23) is the factorial 
expression for the polynomial in which the z q 's are 
the zeros of f(z) (Fig. 13(a)). As s increases, z 
describes a unit circle (anticlockwise) in the 
complex plane and p(s) is the product of the vectors 
represented by lines joining z and the roots z q ; the 
amplitude of the pattern |p(s)| is given by the pro- 
duct of the lengths of these vectors. If any of the 
roots z q lie on the unit circle (\z q \ = 1) they corres- 
pond to nulls in the pattern p(s) and occur at dec- 
linations s q given by i> = arg z q = -2ns q d. 



Now the pattern of a uniform co-phased array 
with d = 1-0A is sin(Nws)/sin(7!-s) and its nulls 
occur at s q = qr//v so that the corresponding poly- 
nomial roots are equally spaced around the unit 
circle (Fig. 13(5)). The amplitude of the pattern 
\p(s)\ at any declination is given by the product 
SSi SS 2 SS S . • • SS,v-i- Suppose now that the zeros 
are moved radially inwards by small increments 
sTsi S2S2, • • ■ ■ ■ (Fig. 13(c)). There will be little 
error in taking S S'i = S0S1, S S' 2 = S S 2 , etc. and 
assuming that the main beam of the pattern is stil l 
centred at S (s = 0); it follows that p(0) ~ S Si 

S S 2 S S 3 SoSjv-t as before. Consider now, 

for example, the behaviour of p(s) in the region of 
its second minimum, i.e. S near to S 2 (the second 
null-point). Obviously the position of this minimum 
must be very near to 3 2 so that its a mplit ude is 
given quite accurately by the product S 2 Si' S 2 S 2 

S^S'3 S2SJV-1 which is very close to S 2 Si 

SsSg SlS 3 S^S/v-i- But the original root 

locations s q are uniformly spaced around the unit 
circle so that the amplitude of the second minimum 
can be re-written as the product S Si S 2 S 2 S S 3 ■ • • 
SoS/v-i- If tr, is amplitude is normalized to the 
amplitude of the main beam all the factors canc el 
except one and we are left with the quotient S 2 S 2 / 
S0S2 for the normalized amplitude of the second 
pattern minimum; in null-filling terms this is iden- 
tical to m 2 /nq. For the q\h minimum, therefore, we 
have the result, 

S q S q /SoS q !zm q /nq 

The chord length S Sg is 2sin(nq/N) for a unit 
circle so that the final expression for the radial 
perturbation 8R q of the qth root required to give 
lOOm^/o null-filling at the <?th pattern zero is 

2m n 



8R q ^ 



nq 



sin(77q/JV) 



(24) 



The perturbed root locations are given by the vec- 
tors 



z q =-. (1 - 8R q ) exp (-\2nq/N) 



(25) 
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Equations (24) and (25) determine the polynomial 
factors 2 - z q which must be multiplied together to 
give the array polynomial f(z). The coefficients of 
the terms z r in f(z) give the complex source currents 
l r required for null-filling through Equation (23)*; 
unlike the pattern calculation, multiplication of the 
complex factors z - z q to determine the current 
distribution can be tedious for large N and it is 
recommended that this operation be performed by 
computer. 

An example of the results which can be obtained 
by this technique is shown in Fig. 14; the first six 
nulls in the v.r.p. from a 16A array have been filled 
at two intended levels (i.e. m-, = m 9 = m 3 = 0-70, 
and m 4 = m B - m e = 0-50). Inspection of the com- 
puted pattern reveals a very high null-filling ac- 
curacy indeed. There is a very small incidental 
beam-tilt which has not been resolved by the com- 
putation (s interval 0-01); the v.r.p. has no unwanted 
null-filling and the gain reduction is only 0-32 dB. 

Polynomial-root perturbation is the most accu- 
rate null-filling technique to be developed so far; 
null-fills can be individually specified and there 
are no errors due to sampling. With no unwanted 
null-filling above the horizontal, gain reduction is 
minimal. 

3.4. Further Synthesis Solutions for Design 
Optimization 

The synthesis methods described above give 
current distributions which provide different apprbxi- 



* The current //y- 1 rnQ y be regarded as a scaling factor 
and set to unity. 



mations to desired null-filled patterns. A particular 
solution can be optimum in that it leads to an accep- 
table v.r.p. and that the current distribution is of 
the required type but it may suffer the disadvantage 
that, for example, the amplitude distribution, or the 
aerial impedance, or the half-aerial v.r.p. is un- 
acceptable. The polynomial theory outlined in 
Section 3.3.5 can lead to many other current distri- 
butions which provide identically shaped v.r.p. s. 
The exploration of further solutions by this approach 
is possible whatever the method used to obtain the 
first solution. 

The method for determining all the distributions 
associated with agiven null-filling design is derived 
as follows. The starting point is the polynomial 
expression f(z) for the pattern p(s) of a linear array 
(Equation (23)); the factorial expansion for pattern 
amplitude is given by, 



If («) I 



z - z, 



z - z n 



Suppose we select the qVn root z q and invert its 
amplitude R q without changing its phase i/j q (=^-2ns q ), 
i.e. replace z q by its reciprocal complex conjugate 
this process is illustrated in Fig. 15. The 

but since 



1/z*; 
factor 



now becomes 



\Z - 1/2*! 



z is on the unit circle (i.e. z = exp \\jj) application 
of the cosine rule shows that, 



= R q \z 



1/z?l 



In other words, inverting any non-unitary root of 
f(z) will alter the magnitude of the pattern without 
changing its shape (i.e. variation with s). However, 
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Fig. 14 - Computed v.r.p. for a 16\ array of isotropic sources: null-filling by polynomial-zero perturbation 



null-filling reference, 
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the current distribution I r will be modified since it 
is determined by the product of complex factors 
(Equation (23)). The same argument holds if roots 
are inverted in combination so that the total number 
of solutions for f(z) and hence also for the l r is 2 l 
where t is the number of roots not lying on the unit 
circle. In the present application t is the actual 
number of filled nulls; if null-filling is complete, 
t = |V - 1. It can be shown that the case in which 
all the non-unitary roots are inverted corresponds to 
a current distribution which is just an inverted and 
phase-reversed duplicate of the original distribution, 



i.e. A' r = A N _]. r and 



it is sufficient to compute only 2 distributions 



-<£jv-i-r> tn ' s means that 



plane 




Fig. 15 - Polynomial root inversion on the z-plane 

• inverted root, 1/zS 



O original root, z„ 



In general, the other solutions cannot be found 
unless the polynomial roots are available and this 
means solving the complex equation f(z) = which 
is of high degree 16 ; with the polynomial-zero per- 
turbation method of null-filling the roots are im- 
mediately available (Section 3.3.5). 

An initial trial was made with a simple eight 
source array in which the first three nulls were 
filled to 75% by polynomial-root perturbation. There 
are eight different current distributions involved of 
which four need to be considered separately. They 
differ very little in their A- and <£- variation but 
the solution in which the roots alternate inside and 
outside the unit circle (i.e. roots 1 and 3 or root 2 
inverted) gives the lowest maximum-to-minimum 
current ratio between sources. 

A further example was a 16 source array with 
nulls 1, 2, 3 filled to 70% and nulls 4, 5, 6 filled to 
50% by the above method (Fig. 14 shows the v.r.p.). 
The six filled nulls provide 32 current distributions 
for separate consideration. There is only a small 
spread in A-and 0- variations and also in 'vertical' 
impedance (described in Section 4.3). However, one 
solution (first zero inverted only) gives a signifi- 



cant reduction in the power difference between each 
half-array. In fact the power ratio becomes 0-94 
compared with a figure of 0-39 for the design distri- 
bution. 

The final example is an eight source array with 
null-filling by the twin-beam method. The required 
roots, obtained* from the original full quarter-sine 
distribution, are shown in Table 1; they all lie out- 
side the unit circle and, except for the root at = n 
are in complex conjugate pairs. There are 36 cur- 
rent distributions to be considered and they show 
marked differences in A- variation; eight of the 
distributions are co-phased and the remainder show 
very small differences in <£- variation. Inversion of 
roots 1, 4 and 5 increase the minimum-to-maximum 
ratio of source currents from the original 0-098 to a 
maximum of 0-306. However, inversion of roots 2, 3 
and 4 only, slightly reduces this ratio to 0-297 
(Table 1) but has the added advantage of increasing 
the power ratio between half-arrays to the maximum 
figure of 0-93; there is little variation in the input 
impedance of the array. 



TABLE 1 

Polynomial Roots and Current Distributions for an 
8X Array with Twin-Beam Null-Filling (m = 1-0) 









Distributions for orig 


inal 


Or 


ginal Roots 


and inverted roots (2,3,4) 


Q 


R q 


4>° q 


r 


A r 


A r 


0r° 


1 


1-232 


305-6 


7 


1-000 


0-297 





2 


1-362 


261-0 


6 


0-961 


0-868 


22-8 


3 


1-499 


218-0 


5 


0-886 


1-000 


35-8 


4 


1-604 


180-0 


4 


0-777 


0-888 


19-0 


5 


1-499 


142-0 


3 


0-637 


0-808 


19-1 


6 


1-362 


99-0 


2 


0-474 


0-394 


14-2 


7 


1-232 


54-4 


1 


0-292 


0-523 


42-7 











0-098 


0-313 






Although there is no guarantee that null-filling 
designs can be optimized by polynomial-root inver- 
sion, the examples have shown that it is well worth 
while examining the associated current distribu- 
tions; this applies especially if variable amplitude- 
and-phase solutions are being considered. 



4. APPLICATION TO 
TING AERIALS 



PRACTICAL TRANSMIT- 



The synthesis techniques described in Section 3 
are for point-source arrays; nevertheless most of 
them can be readily applied to practical u.h.f. (and 
v.h.f.) transmitting aerials. Synthesis is performed 
by noting that the radiation pattern of a multi-tiered 
transmitting aerial of similar elements is given by 

f by J.W. Head. 
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the product of the pattern of one element and the 
pattern of the equivalent point-source array. The 
tiers may comprise simple vertical dipoles (BBC 
u.h.f. relay-station aerials) or, alternatively, simple 
horizontal dipoles grouped into identical 'panels' 
(BBC u.h.f. main-station aerials). In a practical 
design, important considerations apart from pattern 
shape (i.e. null-filling) are pattern bandwidth, aerial 
impedance and gain reduction. 

4.1. Aerials with Individually-Fed Tiers 

Low-power (relay) u.h.f. aerials and low- and 
high-power v.h.f. aerials are powered by feeding 
their tiers individually. For such aerials, null- 
filling is not normally required to be greater than 
about 50% and it should be obtained from a simple 
practical arrangement. These requirements suggest 
the use of the constant-amplitude method of phase 
perturbation for null-filling (Section 3.2.1). An 
example of the application of this method to the 
design of a u.h.f. relay aerial is described below. 




big. 16 - licnerul arrangement of low-power u.h.f. 
aerial 

A practical arrangement for a low-power aerial 17 
is shown in Fig. 16. The aerial consists of vertical 
dipoles spaced 1-0A apart; it is split into two halves, 
each half being branch-fed from an N/2 : 1 power- 
splitting transformer. Cable lengths l r are cut 
according to the required phase distribution r 
(obtained from Equation (11)); since the transformers 
are placed below the aerial, the mean cable length 
must be made at least NX- The diplexer is at 
ground level so that with a typical 45 m (150 ft) 



tower, the main feeder lengths are about 52 m 
(170 ft); using conventional cables at 500 MHz this 
means that the diplexer and transformers are sepa- 
rated by about 100A- 

If such an aerial were uniformly fed, its v.r.p. 
would be given by g(8)P(fl) where g(9) is the v.r.p. 
of a single tier and P(6) is given by Equation (1). 
It therefore follows that the point-source synthesis 
procedure of Section 3.2.1 may be applied provided 
the null-filling amplitudes m q are inversely weighted 
by the factor g(ff). For half-wave dipoles, we set 



% 



N cos(nc]/2N) 



(26) 



in Equation (11) where m q is the intended null- 
filling level. 

In a typical 16-tier aerial, the null-filling was 
specified as m<(;0-50 for a <0<n/M and m\0-25 for 
n-/12<0<57r/36. The non-oscillatory, rather than 
the oscillatory, solution for determining <f> r was 
employed because it gave a v.r.p. with sufficient 
latitude to allow the specification to be satisfied 
over the required bandwidth (-.10%); moreover, the 
associated aerial impedance matching was slightly 
superior. Differential phase correction 2A, derived 
from Equation (12) was found to be 36° but this 
figure was actually increased to 50°, with negligible 
deterioration of the v.r.p., in order to reduce the 
aerial mismatch still further (the mechanism of this 
reduction is explained in Section 4.3). Beam-tilt 
was required to be 1-75° so that an additional pro- 
gressive phase-shift of 5° per tier was superposed 
on the phase distribution. 

The centre-frequency and end-of-band v.r.p.s 
for the 16-tier aerial are shown in Fig. 17 together 
with the null-filling specification for the pattern; 
null-filling is very satisfactory and there is some 
latitude at the pattern minima which gives the v.r.p.s 
some resistance to the effects of phase errors. 
Gain reductions for the patterns shown are 0-7 dB 
(/o), 0-5 dB (0-9/o) and 0-8 dB (M/o)- 

Apart from random phase errors* which occur 
by inaccurate cutting of branch-feeders to the dis- 
tribution 6 r , a split aerial system (e.g. Fig. 16) 
may introduce a differential phase error between 
array halves either through cutting inaccuracies of 
the main feeders or through differential thermal 
expansion between them. This error can be as high 
as ±10° if the temperature difference between 
feeders is about 20^; computation has shown that 
the null-filled v.r.p.s in the above example remain 
satisfactory up to this error limit. 



* Section 4.4 gives a brief discussion of the effects of 
random errors in l r . 
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It has been shown that the phase perturbation 
(non-oscillatory solution) method for null-filling is 
very adaptable to the design of individually fed 
multi-tiered transmitting aerials. If null-filling is 
restricted to a small number of null-points, as it is 
at v.h.f., it is preferable to use the alternative 
oscillatory solution. 

4.2. Panel-Aerials 

At high-power u.h.f. stations with horizontal 
polarization, the preferred inter-tier spacing is 
about 0-5A and it is then practicable to build up the 
aerial from standard vertical groups or panels of 
horizontal dipoles. Typical panels are 2 to 4A long; 
a 4A panel, for example, would carry eight dipoles 
spaced 0-5A apart and 0-25A away from a reflecting 
screen, where A is the wavelength at the design 
frequency. Columns of panels are mounted around 
the mast axis; the individual columns are normally 
split into vertical sections for operational reasons 
and usually fed with progressive phase-shift around 
the mast in order to produce an arrangement which 
provides a good horizontal radiation pattern (h.r.p.) 
and an acceptable impedance characteristic. 



4.2.1. General Considerations 

We concern ourselves here with the v.r.p. 
from a single column of panels. Synthesized current 
distributions will be considered that are subject to 
the restriction that the A and <£ components over 
every panel must be identical, since the complexi- 
ties arising from special amplitude and phase adjust- 
ments within each panel are to be avoided if pos- 
sible. Amplitude variation of the aerial current 
distribution can be provided, if necessary, from 
power-splitting transformers (e.g. hybrid units); 
phase variation can be obtained from a branch-feeder 
system similar to that described previously (Section 
4.1). 

In panel-aerials the current distributions 
required for null-filling and beam-tilt must be 
approximated by an array of sources spaced 2 to 4A 
apart. The amplitude component A r is best realized 
by allowing each panel to carry the same power as 
that carried by all the equivalent sources contained 
in its length (this problem is avoided if we adopt a 
synthesis method in which the amplitude component 
can be specified at the outset as a 2 to 4A stepped 
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distribution). Realization of the phase component 
<f> r generally involves electrical phasing of the 
panels together with some mechanical stagger (i.e. 
panel-tilt). Panel-tilt is normally required over 
those parts of the aerial where the variation is 
sharp in order to ensure good pattern accuracy. The 
point-source methods of synthesis described in 
Section 3 can be used as follows. 

(i) The aperture distribution is calculated as if it 
were a non-panel aerial, allowance being made 
for the reflecting screen, i.e. the v.r.p. of each 
source-image combination h(0) is taken into 
account 
(ii) Each panel is driven with the same power and 
average phase of the sources it replaces; if the 
phase variation is very large, panel-tilt is also 
employed. 

The procedures of Section 3 can therefore be applied 
provided that the null-filling amplitudes are in- 
versely weighted by the screen-factor h(6). For 
dipoles placed 0-25A away from the screen, we set 



m„/sin(- cos#) 



(27) 



in the design equations where m^ is the intended 
null-filling level. 

Starting from a sampled distribution 4> r (1-OA 
spacing) the electrical phases of the panels % are 
taken as the mean of the phases of the sources 
contained by the panel, i.e. 



% --'/'(<£ 2r + 027- l) 

[2A panel] 

Q> r = Vi(4>M + 0*7- 1 + 047- 2 + 047- 3> 



(28) 



[4A panel] 

A 4A panel is illustrated in Fig. 18(a). Panel-tilts, 
where required, are determined accurately enough 
by the differential phase-shift between the outer- 
most sources contained by the panel. The mechani- 
cal tilt-angles $, are given by 



h (m) _ 



1-07 



$W = _ (<£ 2r _ 



2tt 



, , 1-07 

(him) i a 

% --—(047 

OTT 



3 27- \) 



[2A panel] 



(29) 



h(m) 



>47-3> 



[4A panel] 



These angles have been increased by 7% in order to 
allow for the fact that equivalent electrical phasing 
produced by source-stagger (i.e. panel-tilt) is 
reduced by the factor cosfl at declinations from the 
horizontal; the weighting factor 1-07 provides 
accurate equivalence at 6 sa 20° and equal errors at 
(9=0 (over null-filling) and at 6 = 30° (under null- 
filling). 
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Fig. 18 - Principles of panel-tilt 
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It is sometimes preferable to use the negative 
inverted phase distribution -c/> N . r+1 (i.e. lagging) 
so that the largest phase-slopes 0' which normally 
appear at the end(s) or centre of the aerial can be 
realized with panels tilted away from the main array. 
Thus in Fig. 18(b) arrangement B based on an in- 
verted phase distribution is preferred to the arrange- 
ment A that results from the initial distribution. 
The advantage is that an arrangement such as B 
will give less inter-panel mutual coupling and 
makes realization somewhat easier. In practice, it 
may be more convenient to tilt a panel about its 
end-point (arrangement C) rather than its centre- 
point; provided that the electrical phase of the 
panel is suitably adjusted, the previous results 
(Equation (29)) also apply to this situation. 

4.2.2. Design Examples 

An example of the application of the phase- 
perturbation method (Section 3.2.1) to null-filling a 
20A panel-aerial is given in Fig. 19 which shows 
computed v.r.p.s at three frequencies (f > 0-9f o and 
1-1fo); the non-oscillatory solution has been used 
with m = 0-50, and A = 20° with beam-tilt set to 
6 = 0-5°. It is seen that the approximation of 
tilting the central panels only {<$s"l = le-S ) is 
quite justified. Gain reductions for the cases 
shown are 0-48 dB (f ), 0-81 dB (0-9f o ) and 0-37 dB 
(1-1/o)- If the oscillatory solution is used instead, 
panel-tilt can be restricted to the end panels (1 and 
10) and it is found that the v.r.p.s remain satisfac- 
tory at f Q if this tilt is further restricted to either 
the upper panel (10, leading distribution) or the 
lower panel (1, lagging distribution); however, for 
frequencies away from f some v.r.p. minima fall on 
or below the null-filling specification. The results 
given here have shown that phase perturbation can 
give satisfactory 50% null-filling over a ±10% fre- 
quency band without excessive sidelobe maxima or 
gain reduction. 

An alternative constant-amplitude technique 
for null-filling with panel-aerials is supplied by the 
stationary-phase method (Section 3.2.2). Fig. 2 
shows computed v.r.p.s for a 32A aerial comprising 
eight 4A panels in which the logarithmic (lagging) 
phase distribution (obtained by setting k = 0-54, 
Si = 0-0089 and s 2 = 0-50 in Equation (15)) has 
been approximated by panel phasing and tilting. 
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Fig. 19 - Computed v.r.p. s for 10 panel, 20 X aerial with 1 horizontal dipoles/ panel: null-filling by phase 

perturbation (non-oscillatory), A = 20° 

(1) /o, centre-frequency, (2) , 0-9/ , (3) l-l/o 

niill.tillinr. specification, m =0-50 




Fig. 20 - Computed u.r.p.s for 8 panel, 32k aerial with 8 horizontal dipoles/panel spaced 0-5X apart; 
null-filling by the stationary-phase method, h =0-54 
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i null-filling specification, m = 0*75 
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Fig. 21 - Computed v.r.p.s for 8 panel, 16X aerial with 4 horizontal dipoles/panel spaced 0-5\ apart: 
null-filling by the twin-beam and stationary-phase methods 
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quarter-sine distribution 



(2) 



■ — ——quarter-sine/pedestal distribution 
(3) phased quarter-sine/pedestal distribution null-filling specification, m = ■ 5 0/ 1*0 



The 'jump' in the v.r.p. near s = 0-25 is due to the 
coarse quantization of the original distribution into 
4A groups; this jump is accentuated if panel-tilt is 
restricted to the lowest panel only (broken curve). 
Effective null-filling is satisfactory (m>0-75 for 
0<s<0-25) although the sidelobe maxima are rather 
high and the v.r.p. minima are too large near s =0-1; 
nevertheless, the maximum ratio of adjacent v.r.p. 
maxima and minima is not greater than 6 dB in the 
important range and this would normally be satis- 
factory. The loss of aerial gain due to de-phasing 
is about 1-4 dB. There is little advantage in re- 
placing panels 1 and 2 (Fig. 20) with four 2A panels 
and tilting all or some of these; the major effect is 
that the v.r.p. minima are slightly elevated in the 
range 0-25<s<0-50. 

The twin-beam method of pattern shaping 
(Section 3.1.2) can also be adapted to null-filling 
the v.r.p.s of panel-aerials. Fig. 21 shows some 
computed results obtained for a 16A aerial with 
eight panels. Curve (1) is the smooth cosecant 
pattern derived from a sampled quarter-sine-wave 
amplitude distribution (the variation in <J>, is for 
beam-tilt); the amplitude variation, however, is 
rather high (Ag/A^IO). Curve (2) is the v.r.p. 
obtained by introducing a superposed pedestal 
distribution of equal amplitude (b = 1); amplitude 
variation has been reduced (A 8 /Ai<2) but the v.r.p. 
minima now fall below the limit m = 0-5. The null- 
filling can be corrected by using the stationary- 
phase method (Section 3.3.4) to synthesize a cose- 
cant pattern from such an amplitude distribution. 



Curve (3) shows the v.r.p. obtained using this 
method. The phase distribution $ r was derived by 
numerically integrating the expression for </>'(%) 
obtained from the synthesis equation (Equation (14) 
modified for variable A(x)); $ r is co-phased over 
the lower five panels through beam-tilt adjustment 
(6 = 0-6°). Null-filling is now satisfactory up to 
■= 15° but falls off rapidly for larger declinations. 
The gain reductions for the three cases are 0-90 dB 
(curve 1), 0-13 dB (curve 2) and 0-52 dB (curve 3). 

The amplitude variation demanded by the twin- 
beam method is not realizable with simple power- 
splitting devices. Stepped approximations to 
quarter-sine-wave amplitude distributions, however, 
can be obtained from simple arrangements of di- 
plexer and triplexer units. Fig. 22 shows two 
suggested practical arrangements* for eight-panel 
aerials. Arrangement (b), employing five diplexers 
and one triplexer was found to give slightly superior 
results and will be used as the basis of further 
design examples which are described below. 

Starting from the three-step amplitude distri- 
bution of Fig. 22(b), panel-phases were derived by 
the stationary-phase method following the procedure 
given in Section 3.3.4; the parameters were set to 
k = 0-51, Si = 0-0156 and s 2 = 0-5. The resulting 
phase distribution and v.r.p. are shown in Fig. 23 
(curve 1) for 6 = 0-6°; the uppermost panel, number 
eight, has been tilted 8° downwards as required by 

* due to J.L. Eaton. 
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the phase profile (Equation (29)). If panel-tilting is, 
avoided, the v.r.p. minima fall below m = 0-5 beyond 
6 = 10° as shown by curve (2); for comparison, the 
v.r.p. obtained from the stepped A r distribution 
alone (the variation in $ r is for beam-tilt) is also 
shown (curve 3). Gain reductions for the three 
cases are 0-65 dB (curve 1), 0-51 dB (curve 2) and 
0-13 dB (curve 3). The null-filling for large dec- 
linations is rather high (Fig. 23, curve 1) and the 
gain reduction unnecessarily large. By reducing the 
beam-tilt on the uppermost panel, these pattern 
minima can be lowered to a satisfactory level. Fig. 
24 shows computed v.r.p. s for a practical 16A aerial 
designed to radiate in u.h.f. Channels 26 and 33; 
the previous distribution with a reduced panel-tilt of 
4° (downwards) has been used at the centre-frequency 
fo = 542-25 MHz (mid-point of Channels 26 and 33). 
The computed v.r.p.s shown in Fig. 24 are for 
Channel 33, vision (curve 1) and sound (curve 2), 
and also the centre-frequency case curve (3). The 
design satisfies the pattern specification given in 
the figure; gain reductions at the three frequencies 
are 0-39 dB (curve 1), 0-35 dB (curve 2) and 0-54 dB 
(curve 3). 

A final design example is given in Fig. 25 
which shows computed v.r.p.s for an eight panel, 
16A. aerial with current distributions A r , $ r designed 
by the current-perturbation ('Woodward-quadrature') 
method (Section 3.3.3). The original distribution 
was determined from Equation (19) for m q = 0-75, 
q = 1,2,3,4 and 5; both oscillatory (curve 1), and 
non-oscillatory (curve 2) null-filling solutions have 
been explored with neither solution requiring panel- 
tilt for accurate realization. The v.r.p. given by the 
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Fig. 22 - Practical arrangements for aerial with 8 

panels: approximations to quarter-sine/pedestal 

amplitude distribution; numbers against feeders 

indicate power ratios 

oscillatory solution (curve 1) is satisfactory with 
regard to both null-filling and sidelobe level; the 
gain reduction for both solutions is 0-34 dB. 

Results similar to that given in the previous 
example (Fig. 25, curve 1) can be obtained by the 
polynomial-root perturbation method (Section 3.3.5), 
again without employing panel-tilt; the null-filling 
obtained is slightly more accurate. This method 
suffers the same disadvantage, however, that the 
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Computed v.r.p.s for 8 panel, 16\ aerial with 4 horizontal dipoles/panel spaced 0-5X apart: 
njill-filling by stationary-phased practical current distribution 
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Fig. 24 - Computed v.r.p.s for 8 panel, 16k aerial with 4 horizontal dipoles/ panel spaced 0-5X apart: 
null-filling by stationary-phased practical current distribution 

(1) v.r.p. for / = 567-25 MHz (Channel 33 vision) (2) v.r.p. for / = 573-25 MHz (Channel 33 sound) 

(3) v . r .p. for So = 542-25 MHz (Channels 26/33 mid-point) 

______ pattern specification, m = 1-25 (upper limit) 

m = 0-7/0-5 (lower limit) 
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null-filling by current perturbation ('Woodward-quadrature') with no panel-tilting 
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synthesized amplitude distribution cannot be easily 
realized with a simple practical arrangement. 
Nevertheless, with the associated polynomial roots 
available, the other solutions can be found directly 
and one or more of these may be more amenable to 
simple realization than the parent solution. 

4.3. Aerial Impedance Compensation 

The conventional method of obtaining good 
aerial impedance matching over a wide bandwidth is 
to progressively phase rotate the feed to each hori- 
zontal group of tiers around the mast axis {'hori- 
zontal' impedance compensation). The main dis- 
advantage of this form of impedance compensation 
is that it is generally impractical to obtain simul- 
taneously good directional h.r.p.s. It would obvious- 
ly be advantageous if good impedance matching 
could be achieved by feeding the aerial tiers in 
vertical rather than horizontal groups since the 
h.r.p. and impedance adjustments become indepen- 
dent of one another. Aerial current distributions 
designed to provide null-filled v.r.p.s include a 
phase-varying component (if only to supply the 
beam-tilt) so that, in general, 'vertical' impedance 
compensation is possible; for anygiven distribution, 
the degree of compensation will depend on the 
grouping of the tiers. For low-power (relay) aerials 
null-filled by phase perturbation (arrangement shown 
in Fig. 16), good compensation can be obtained 
simply by feeding the half-aerials from a 90°- 



diplexer 



Zv. 



A similar method for obtaining good 



impedance matching in a high-gain aerial null-filled 
by the twin-beam method has also been proposed 18 . 

The problem of optimizing the selection of 
groups of tiers in one stack for vertical impedance 
compensation is beyond the scope of this report. 
However, there is an important and useful general 
relation between the v.r.p. on the one hand and 
impedance matching of a group of contiguous tiers 
which is easily demonstrated. If we consider, for 
example, the grouping arrangement shown in Fig. 
26, it can be shown that the input reflexion coef- 
ficient at the diplexer is given by 



|Pinl=* IP 
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exp (j2<M 
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(30) 



where p is the reflexion coefficient of the branch- 
feeder terminations (dipoles or panels) assumed 
equal and A r expj^ r is the current distribution over 
the group; this expression for p in ignores inter-tier 
mutual impedance and mismatch in the power-split- 
ting transformers. Equation (30) shows that |p in | 
is proportional to the field which would be radiated 
horizontally if the current distribution over the aper- 
ture were squared. Now the radiation pattern of the 
squared distribution resembles the actual v.r.p., the 
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Fig. 26 - Vertical impedance compensation by tier- 
grouping and power splitting. S: power-splitting 
transformers 

principal difference being that the beam-tilt is 
approximately doubled. Consequently |p in | will 
generally be small if the whole of the main lobe of 
the 'squared' radiation pattern lies below the hori- 
zontal. 

The relationship between the effective reflexion 
coefficient |p in | and the actual v.r.p. above the 
horizontal is closest for constant-amplitude distri- 
butions. A good example is shown in Fig. 27. 
Curve (1) is the v.r.p. above the horizontal of a 32A 
aerial, null-filled by the stationary-phase method 
and with the inherent beam-tilt removed, while curve 
(2) is the radiation pattern of the corresponding 
squared distribution. If a progressive phase shift 
is added to the distribution to introduce beam-tilt, 
both curves will move to the left but curve (2) will 
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Fig. 27 - Variation of input matching |p in /p| with 

beam-tilt 6» for a 32\ aerial null-filled by the 

stationary-phase method: comparison with v.r.p. 

above the horizontal 

0) : —v.r.p. above the horizontal 

(2) — — — v.r.p. of squared distribution 
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move twice as far as curve (1). Thus if the beam- 
tilt of the actual v.r.p. is 6 the field radiated in 
the horizontal direction by the squared distribution, 
which is equal to the value of |p in /p| for this parti- 
cular value of do, is given by the height of curve (2) 
at sin 6 = sin 2d . If the sin 6 scale is replaced by 
a d scale, curve (2) also shows how |p in /p| varies 
with beam-tilt. 

Because of the similarity of the two patterns, 
the value of beam-tilt required to obtain a low value 
of |p in | can be inferred from the actual v.r.p. above 
the horizontal without actually calculating the 
pattern of the squared distribution. In the example 
shown the actual untilted pattern falls to a low 
value at sin 6 = -0-05 {6 = -3°); a beam-tilt of 1-5° 
is therefore sufficient for a low value of |p in j to be 
obtained. 

It is rarely practicable to increase beam-tilt in 
order to achieve good impedance matching (as was 
effectively done for the relay aerial design, Section 
4.1) nevertheless, it is theoretically possible to 
achieve good impedance compensation by over- 
tilting the v.r.p. with electrical phasing and re- 
adjusting to the desired beam-tilt by staggering the 
sources, for example by using panel-tilt. Finally, 
experiment has shown that the other current distri- 
butions derived from polynomial-root inversion 
(Section 3.4) offer no worthwhile reductions in 
impedance mismatch. 



4.4. Practical Limitations 

Current distributions for null-filled v.r.p. s are 
realized by energizing the aerial elements (dipoles 
or panels) from common drive-points or power- 
splitting transformers via branch-feeders (Figs. 16 
and 26). The intended amplitude distribution is 
normally either constant or stepped and accurately 
realizable with simple power-splitters (e.g. Fig. 22); 
the prescribed phase distribution, however, is 
realized in the branch-feeder system which is fre- 
quency sensitive and the process of cable cutting 
can introduce random phase errors. In addition, the 
actual current distribution will be in error in ampli- 
tude and phase because of inter-tier mutual coup- 
ling. Errors due to mutual coupling are calculable 
and, if necessary, the v.r.p. given by the known 
resultant current distribution can be checked by 
computation; the effects of random phase errors, 
however, must be examined statistically (see, for 
example, Ref. 11). 

With vertical polarization (low-power aerials) 
the mutual coupling between dipoles is very small 
and may be neglected. For horizontal polarization 
(high-power aerials) mutual coupling cannot be 
completely neglected; although inter-panel coupling 
would not normally exceed 5 to 10% there will be 
large inter-dipole coupling within each panel which 



must be allowed for in their design. The largest 
errors due to inter-panel coupling are likely to occur 
near the ends of the aerial where the tiers are not 
uniformly surrounded by other tiers, and also over 
those parts of the aperture where A r and $ r vary 
rapidly. Lagging phase distributions are to be 
preferred since the tilted panels can then be faced 
away from the main column of panels (e.g. Fig. 
18(b), arrangements B and C). Large variations in 
4> r or $ r can be reduced by exchanging electrical 
phase for source stagger (as in panel-tilting). In 
fact if the entire phase distribution is simulated by 
horizontally staggering the tiers (and tilting panels 
where required) computation has shown that the 
resulting null-filled v.r.p.s remain entirely satisfac- 
tory. Furthermore, with such an arrangement, errors 
due to mutual coupling can be completely removed if 
all branch-feeders are cut in length to an odd multi- 
ple of a quarter-wavelength; this would only be 
possible, however, for single-channel working. 

Random phase-errors due to feeder-cutting 
inaccuracies will either increase or decrease null- 
filling in the v.r.p. depending on the relative ampli- 
tude and phase of the contribution from the errors at 
the null-points. The standard deviation of the phase 
errors should not normally exceed 10°. Practical 
experience with the 16A. relay aerial described in 
Section 4.1 showed that the theoretical v.r.p.s 
determined from measured current distributions 
remained within specification up to large declina- 
tions where the pattern is most sensitive to phase 
errors. This result indicates that feeder-cutting 
accuracies in excess of that corresponding to a 10° 
standard deviation can be achieved in practice. 

The main conclusion is that it is perfectly 
feasible to realize null-filling current distributions 
quite accurately; random phase-errors can be mini- 
mized by careful feeder cutting and errors due to 
inter-tier mutual coupling can be reduced to an 
insignificant level by choosing a suitable combin- 
ation of source-stagger and electrical phasing over 
the aerial. 

Finally, it is noted that the sensitivity of the 
v.r.p. to frequency departures from the design- or 
centre-frequency depends on what fraction of the 
null-filling is due to the phase component of the 
current distribution and also, to a lesser extent, on 
the diplexing arrangement employed. In general, 
pure amplitude distributions (e.g. the co-phased 
quarter-sine-wave distribution required by the twin- 
beam method) are reasonably insensitive to fre- 
quency variation, in realization. The first-order 
effect of a change in frequency is that null-filling 
increases for (>f and decreases for f<f ; beam-tilt 
remains sensibly constant since the source spacing 
and phasing vary together in proportion. Computa- 
tion has shown that pattern bandwidth is no problem 
for frequency variations up to about 110% with the 
practically usable null-filling schemes. 
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5. FINAL REMARKS AND CONCLUSIONS 

Faced with the problem of null-filling, the aerial 
engineer requires to know the range of methods 
available, their characteristics and how they can be 
achieved in practice. The main features of the more 
important methods from which a selection would be 
made are summarized below. 

1. Twin-Beam Method (Section 3.1.2) 

(i) smooth adjustable null-filling up to 100% but 
individual pattern minima not independently 
controllable. 

(ii) co-phased quarter-sine-wave amplitude distri- 
bution, with superposed pedestal for reduced 
null-filling. 

(iii) null-filling above the horizontal contributes to 
the gain reduction, which is not excessive. 

(iv) complex power-splitting arrangements required 
for realization; power division very non-uniform 
for high null-filling. 

(v) panel -tilting not required. 

(vi) good impedance and bandwidth properties since 
phase distribution is only required for beam- 
tilt. 

2. Phase Perturbation (Section 3.2.1) 

(i) controllable null-filling available up to 50%; 
difficult to reduce null-filling above the hori- 
zontal. 

(ii) constant-amplitude current distribution, 
(iii) reasonably low gain-reduction compatible with 
null-filling; adequate pattern bandwidth. 

(iv) realization with simple branch-feeder system 
combined with limited panel-tilt where required. 



(iv) realization possible with simple power-splitting 
transformers, branch-feeder systems and panel- 
tilting. 



Constant-Amplitude 
(Section 3.2.2) 



Stationary-Phase Method 



(i) unlimited effective null-filling available but 

pattern minima uneven and not controllable 

individually, 
(ii) suppressed v.r.p. above the horizontal, 
(iii) constant-amplitude current distribution, 
(iv) high gain-reductions due to elevated pattern 

sidelobes below the horizontal, 
(v) restricted pattern bandwidth due to rather large 

pattern maximum-to-minimum ratios in the v.r.p. 
(vi) realization with simple branch-feeder/panel-tilt 

arrangements. 

4. General Stationary-Phase Method (Section 3.3.4) 

(i) null-filling is adjustable and reasonably smooth 
but pattern minima not controllable individually, 
(ii) variable-amplitude and variable-phase current 
distribution; amplitude component can be made 
to follow a convenient practical distribution, 
(iii) pattern partially suppressed above the horizon- 
tal resulting in low gain-reduction for given 
null-filling. 



5. Current and Polynomial-Root 
(Sections 3.3.3 and 3.3.5) 



Perturbation 



(i) null-filling very accurate and the levels of 
individual minima can be specified indepen- 
dently; null-filling completely suppressed above 
the horizontal, 
(ii) variable-amplitude and variable-phase current 
distribution; phase variation is generally very 
small whereas the degree of amplitude variation 
depends on the null-filling, 
(iii) offers the smallest gain-reductions of all the 
methods because null-filling is totally restric- 
ted to the wanted pattern region(s). 
(iv) disadvantage is that realization of the current 
distribution requires complex power-splitting 
arrangements. 

(v) panel-tilt is not required. 

Although these methods give predictable 
v.r.p. s, the accuracy of null-filling should always 
be checked by pattern computation especially when 
the performance over a wide frequency bandwidth is 
required. 

The main conclusions to be drawn can be 
expressed in the form of recommendations for null- 
filling the v.r.p.s of practical transmitting aerials; 
these recommendations, based on the properties and 
characteristics of the available design methods 
together with experience gained from their theoreti- 
cal exploration (Sections 4.1, 4.2.2) may be sum- 
marized as follows: 

(i) V.H.F. and low-power (relay) u.h.f. aerials 

The method of phase perturbation, method (2), 
is recommended since null-filling is not nor- 
mally required to be greater than 50% and the 
current distribution can be obtained from a 
simple branch-feeder system. The oscillatory 
solution should be used for v.h.f. and the non- 
oscillatory solution for u.h.f. 

(ii) High-power (main station) u.h.f. aerials 

(a) The preferred solution is given by the 
general stationary-phase method, number (4) 
since this gives adequate null-filling (50 to 
100%) from practical amplitude distributions 
without undue loss of gain or greatly eleva- 
ted pattern sidelobes; moreover, the phase 
component of the current distribution is 
easily realized with a branch-feeder system 
together with panel-tilt which can be re- 
stricted to a single end-panel. This panel- 
tilt is used to control the level of pattern 
minima at the larger declinations. 
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(b) The phase-perturbation method can be used 
with advantage if the required null-filling is 
not greater than about 50% over the speci- 
fied range of declinations (the non-oscilla- 
tory solution is recommended). 

(c) For smooth high-degree null-filling (75 to 
100%) the twin-beam method must be used 
but the penalty paid is a complicated power- 
splitting arrangement and excessive gain- 
reduction. 



In all these methods, the effects of random errors in 
the branch-feeder system and of errors in the actual 
current distribution due to inter-tier mutual coupling 
can be reduced to an insignificant level. With 
vertical impedance compensation, the aerial match- 
ing is very sensitive to beam-tilt and, in general, 
the matching will improve if the beam-tilt is in- 
creased. The pattern bandwidth is satisfactory with 
all three recommended null-filling solutions. 
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